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COMPACTNESS OF THE SOLUTION OPERATOR TO ∂ IN
WEIGHTED L2 - SPACES.
FRIEDRICH HASLINGER AND BERNARD HELFFER
Abstract.
In this paper we discuss compactness of the canonical solution operator to ∂ on weigthed
L2 spaces on Cn. For this purpose we apply ideas which were used for the Witten
Laplacian in the real case and various methods of spectral theory of these operators.
We also point out connections to the theory of Dirac and Pauli operators.
1. Introduction.
1.1. Background for bounded pseudoconvex domains.
Let Ω be a bounded pseudoconvex domain in Cn. We consider the ∂-complex
L2(Ω)
∂
−→ L2(0,1)(Ω)
∂
−→ . . .
∂
−→ L2(0,n)(Ω)
∂
−→ 0 ,
where L2(0,q)(Ω) denotes the space of (0, q)-forms on Ω with coefficients in L
2(Ω). The
∂-operator on (0, q)-forms is given by
∂
(∑
J
′
aJ dzJ
)
n∑
j=1
∑
J
′ ∂aJ
∂zj
dzj ∧ dzJ ,
where
∑
′
means that the sum is taken only over increasing multi-indices J.
The derivatives are taken in the sense of distributions, and the domain of ∂ consists
of those (0, q)-forms for which the right hand side belongs to L2(0,q+1)(Ω). Then ∂ is a
densely defined closed operator, and therefore has an adjoint operator from L2(0,q+1)(Ω)
into L2(0,q)(Ω) denoted by ∂
∗
.
The complex Laplacian ✷ = ∂ ∂
∗
+ ∂
∗
∂ acts as an unbounded selfadjoint operator
on L2(0,q)(Ω), 1 ≤ q ≤ n, it is surjective and therefore has a continuous inverse, the
∂-Neumann operator Nq. If v is a closed (0, q + 1)-form, then ∂
∗
Nq+1v provides the
canonical solution to ∂u = v, which is orthogonal to the kernel of ∂ and so has minimal
norm (see for instance [ChSh]).
A survey of the L2-Sobolev theory of the ∂-Neumann problem is given in [BS].
2000 Mathematics Subject Classification. Primary 32W05; Secondary 32A36, 35J10, 35P05.
Key words and phrases. ∂-Neumann problem, Schro¨dinger operators with magnetic field,
compactness.
Both authors are grateful to the Erwin Schro¨dinger Institute, Vienna, where most of this work was
carried out.
1
2 FRIEDRICH HASLINGER AND BERNARD HELFFER
The question of compactness of Nq is of interest for various reasons. For example, com-
pactness of Nq implies global regularity in the sense of preservation of Sobolev spaces
[KN]. Also, the Fredholm theory of Toeplitz operators is an immediate consequence of
compactness in the ∂-Neumann problem [V], [HI], [CD]. There are additional ramifi-
cations for certain C∗-algebras naturally associated to a domain in Cn [SSU]. Finally,
compactness is a more robust property than global regularity - for example, it localizes,
whereas global regularity does not - and it is generally believed to be more tractable
than global regularity.
A thorough discussion of compactness in the ∂-Neumann problem can be found in [FS2].
The study of the ∂-Neumann problem is essentially equivalent to the study of the canon-
ical solution operator to ∂:
The ∂-Neumann operatorNq is compact from L
2
(0,q)(Ω) to itself if and only if the canonical
solution operators
∂
∗
Nq : L
2
(0,q)(Ω) −→ L
2
(0,q−1)(Ω) and ∂
∗
Nq+1 : L
2
(0,q+1)(Ω) −→ L
2
(0,q)(Ω)
are compact.
Interestingly, in many situations, the restriction of the canonical solution operator to
forms with holomorphic coefficients arises naturally [SSU], [FS1]. Compactness of the
restriction to forms with holomorphic coefficients already implies compactness of the
original solution operator to ∂ in the case of convex domains, see [FS2]. There are
many examples for non-compactness, where the obstruction already occurs for forms
with holomorphic coefficients (see [Has1], [Has2], [Kr] and [L]).
In [CD] it is shown that compactness of the ∂-Neumann operator implies compactness of
the commutator [P,M ], where P is the Bergman projection and M is pseudodifferential
operator of order 0. In [Has4] it is shown that compactness of the canonical solution
operator to ∂ restricted to (0, 1)-forms with holomorphic coefficients implies compactness
of the commutator [P,M ] defined on the whole L2(Ω).
Let A2(0,1)(Ω) denote the space of all (0, 1)-forms with holomorphic coefficients belonging
to L2(Ω).
Another result from [Has4] states that for a bounded pseudoconvex domain Ω the ∂-
Neumann operator
N1 : L
2
(0,1)(Ω) −→ L
2
(0,1)(Ω)
restricted to (0, 1)-forms with holomorphic coefficients can be written in the form
PNPf =
n∑
k=1
[P,Mk]
(
n∑
j=1
[M j , P ]fj
)
dzk
here P : L2(0,1)(Ω) −→ A
2
(0,1)(Ω) denotes the componentwise projection and Mj and M j
denotes the multiplication by zj and zj respectively.
The restriction of the canonical solution operator to forms with holomorphic coefficients
has many interesting aspects, which in most cases correspond to certain growth properties
of the Bergman kernel.
In [Has1] the canonical solution operator S1 to ∂ restricted to (0, 1)-forms with holomor-
phic coefficients is investigated.
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It is shown that the canonical solution operator S1 : A
2
(0,1)(Ω) −→ L
2(Ω) has the form
S1(g)(z) =
∫
Ω
B(z, w) < g(w), z − w > dλ(w),
where B denotes the Bergman kernel of Ω and
< g(w), z − w >=
n∑
j=1
gj(w)(zj − wj),
for z = (z1, . . . , zn) and w = (w1, . . . , wn); it can also be written in the form
S1g =
n∑
j=1
[M j , P ]gj.
It follows that the canonical solution operator is a Hilbert Schmidt operator for the unit
disc D in C, but fails to be Hilbert Schmidt for the unit ball in Cn, n ≥ 2 (see also [LY]).
1.2. The case of unbounded domains.
Not very much is known in the case of unbounded domains. In this paper we discuss the
compactness of the canonical solution operator to ∂ on weighted L2-spaces over Cn. We
define
L2(Cn, ϕ) = {f : Cn −→ C :
∫
Cn
|f(z)|2 exp(−2ϕ(z)) dλ(z) <∞},
where ϕ is a suitable weight-function.
There is an interesting connection of ∂ with the theory of Schro¨dinger operators with
magnetic fields, see for example [Ch], [B], [FS3] and [ChF] for recent contributions ex-
ploiting this point of view.
For the case of one complex variable results of Helffer-Mohamed [HeMo], Iwatsuka [I]
and Shen [She1] can be used to discuss compactness of the canonical solution operator
to ∂. For instance, if ϕ(z) = |z|2, then the canonical solution operator S : L2(C, ϕ) −→
L2(C, ϕ) to ∂ fails to be compact. If ∆ϕ(z)→∞ as |z| → ∞, then the canonical solution
operator S : L2(C, ϕ) −→ L2(C, ϕ) to ∂ is compact ([Has3] ).
In this paper we first give a necessary and sufficient condition in terms of the weight
function ϕ in the complex one-dimensional case for the solution operator to be compact
on L2(C, ϕ) continuing the work from [Has3] and using results from [AuBe], [HeMo], [I],
[She1], and [St].
In the case of several complex variables, we meet an obvious condition for solving ∂u = f .
The (0, 1)-form f should satisfy ∂f = 0. So we are asking for the existence of a continuous
operator Scan, which will be called the canonical solution operator :
(1.1) L2(0,1)(C
n, ϕ) ∩ Ker ∂ ∋ f 7→ u = Scanf ∈ L2(Cn, ϕ) ∩ ( Ker ∂)⊥ ,
giving the minimal solution of the problem.
When the weight function ϕ is plurisubharmonic, we will for example show that the
condition that the lowest eigenvalue λϕ of the Levi matrix Mϕ satisfies
lim
|z|→∞
λϕ(z) = +∞
implies the existence of the canonical solution operator and its compactness.
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For decoupled weights
ϕ(z) = ϕ1(z1) + ϕ2(z2) + · · ·+ ϕn(zn) ,
the canonical solution operator to ∂ fails, under very weak additional assumptions to be
compact and we will show that it is even true on A2(0,1)(C
n, ϕ) (see [Sch]).
There are other interesting connections between ∂ and Schro¨dinger operators, see for
example the discussion in [B] and between compactness in the ∂-Neumann problem
and property (P) on the one hand, and the asymptotic behavior, in a semi-classical
limit, of the lowest eigenvalues of certain magnetic Schro¨dinger operators and of their
non-magnetic counterparts, respectively, on the other ([FS3]). The main result in [FS3]
shows that (for certain Hartogs domains in C2) compactness properties of the ∂-Neumann
operator may be interpreted as a consequence of well known diamagnetic inequalities
(originally due to Kato) in the theory of Schro¨dinger operators (see [LL], [CFKS] and
[He1]).
Finally, we also point out some interesting connections to the theory of Dirac and Pauli
operators, when discussing the case of non-compact resolvents (see [CFKS], [Er], [HNW],
[Roz], [Tha]).
Acknowledgements
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2. The complex one-dimensional case
Let ϕ be a subharmonic C2-function. We want to solve ∂u = f for f ∈ L2(C, ϕ).
The canonical solution operator to ∂ gives a solution with minimal L2(C, ϕ)-norm. We
substitute v = u e−ϕ and g = f e−ϕ and the equation becomes
Dv = g ,
where
(2.1) D = e−ϕ
∂
∂z
eϕ.
u is the minimal solution to the ∂-equation in L2(C, ϕ) if and only if v is the solution to
Dv = g which is minimal in L2(C) .
The formal adjoint of D is
(2.2) D = −eϕ
∂
∂z
e−ϕ.
Let us introduce
(2.3) S = DD .
Since D = ∂
∂z
+ ∂ϕ
∂z
and D = − ∂
∂z
+ ∂ϕ
∂z
, we see that
S = −
∂2
∂z∂z
−
∂ϕ
∂z
∂
∂z
+
∂ϕ
∂z
∂
∂z
+
∣∣∣∣∂ϕ∂z
∣∣∣∣2 + ∂2ϕ∂z∂z .
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So
(2.4) S =
1
4
(−∆A +B),
where the 1-form A = A1 dx+ A2 dy is related to the weight ϕ by
(2.5) A1 = −∂yϕ , A2 = ∂xϕ ,
(2.6) ∆A =
(
∂
∂x
− iA2
)2
+
(
∂
∂y
+ iA1
)2
,
and the magnetic field Bdx ∧ dy satisfies
(2.7) B(x, y) = ∆ϕ(x, y) .
Hence S is (up to a multiplicative constant) a Schro¨dinger operator with magnetic field
and an electric potential B. In addition, we know from [Sima] that this operator is
essentially self-adjoint on C∞0 (C).
In [Has3] (completing a result of M. Christ [Ch]), a link was established between the
compactness of the canonical solution operator to ∂ and the properties of the resolvent
of S. In this setting it was supposed that the weight functions ϕ are in the class W.
Definition 2.1.
We say that ϕ is in the class W if :
(1) ν = ∆ϕdx, is a doubling measure, which means that there exists a constant C
such that for all z ∈ C and r ∈ R+,
ν(B(z, 2r)) ≤ C ν(B(z, r)),
where B(z, r) denotes the ball with center z and radius r ;
(2) there exists a constant δ > 0 such that for all z ∈ C,
ν(B(z, 1)) ≥ δ.
In fact Marco, Massaneda and Ortega-Cerda [MMO] (Theorem C, p. 884) found out that
already condition (1) in the last definition implies that the canonical solution operator
to ∂ is continuous. Hence it follows from [Has3]
Theorem 2.2.
Let ϕ be a subharmonic C2-function on R2 such that ∆ϕ defines a doubling measure.
The canonical solution operator S : L2(C, ϕ) −→ L2(C, ϕ) to ∂ is compact if and only if
S has compact resolvent.
Now we prove a criterion of compactness, which can be expressed in terms of the weight
function ϕ only. Here we extend a result due to Helffer and Morame ([HeMor]) based
on methods developed by Iwatsuka ([I]) and Shen ([She1]). For this purpose we assume
the stronger condition that the weight function ϕ is a subharmonic C2 function and that
∆ϕ belongs to the reverse Ho¨lder class B2(R
2) consisting of L2 positive and almost non
zero everywhere functions V for which there exists a constant C > 0 such that(
1
|Q|
∫
Q
V 2 dx
) 1
2
≤ C
(
1
|Q|
∫
Q
V dx
)
for any ball Q in R2 .
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It is known that if V is in Bq for some q > 1 then V is in the Muckenhoupt class A∞
and the corresponding measure V (x)dx is doubling. More precisely it is known from [St]
that
A∞ = ∪q>1Bq .
Note that any positive (non zero) polynomial is in Bq for any q > 1.
Theorem 2.3.
Let ϕ be a subharmonic C2- function on R2 such that
(2.8) ∆ϕ ∈ B2(R
2) .
Then the canonical solution operator S : L2(C, ϕ) −→ L2(C, ϕ) to ∂ is compact if and
only if
(2.9) lim
|z|→∞
∫
B(z,1)
∆ϕ(y) dy = +∞ .
Proof.
Using Theorem 2.2, we have just to analyze if −∆A +∆ϕ has compact resolvent.
Using the standard comparison between selfadjoint operators :
(2.10) −2∆A ≥ −∆A +∆ϕ ≥ −∆A
we observe that −∆A + ∆ϕ has compact resolvent if and only if −∆A has compact re-
solvent.
In one direction, we can apply a result of Iwatsuka ([I] , Theorem 5.2) which says
Proposition 2.4.
Suppose that A ∈ H1loc and that −∆A has compact resolvent. Then
(2.11) lim
|z|→∞
∫
B(z,1)
B(y)2 dy = +∞ ,
with B = curlA.
Iwatsuka adds a C∞ assumption on the magnetic potential. But at least in the two
dimensional case, one can use properties of the Curl operator as mentioned in Appendix
I of [T], in order to release this assumption. Note that in our case B = ∆ϕ. By the
definition of the reverse Ho¨lder class B2(R
2), (2.11) implies (2.9).
For the other direction, we first use a version of the diamagnetic property for Schro¨dinger
operators (see for example [KS] Cor. 1.4) saying that :
If −∆ + ∆ϕ has compact resolvent, then −∆A + ∆ϕ has compact resolvent. So it is
enough to prove that −∆+ V has compact resolvent with V = ∆ϕ.
By the Main Theorem in [I], it suffices to show that
(2.12) lim
|z|→∞
λ0,V (B(z, 1)) = +∞ ,
where λ0,V (B(z, 1)) is the lowest eigenvalue of the Dirichlet realization of −∆ + V in
B(z, 1) . Without loss of generality, we can consider, instead of balls, cubes. In this
case we use the following improved version of the Fefferman-Phong Lemma as given in
[AuBe].
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Lemma 2.5.
If V ∈ A∞, then there exists CV > 0 and βV ∈]0, 1[ such that, for all cubes Q (with
sidelength R), for all u ∈ C∞0 (Q),
(2.13) CV
mβ(R
2ΘQ)
R2
∫
|u(y)|2 dy ≤
∫
(|∇u(y)|2 + V (y)|u(y)|2) dy
where
ΘQ =
1
|Q|
∫
Q
V (y)dy ,
and
mβ(t) = t for t ≤ 1 , and mβ(t) = t
βV for t ≥ 1 .
We apply Lemma 2.5 with R = 1 and V = ∆ϕ. (2.13) gives a lower bound for λ0,V (Q)
by CVΘ
βV
Q each time that ΘQ ≥ 1. Therefore Assumption (2.9) implies (2.12) and we
are done. 
Remark 2.6.
As a variant of the proof, we have the following statement. Suppose that ∆ϕ belongs to
A∞ (at ∞, i.e. for all the balls meeting the complement of a compact K) and that
lim inf
|z|→∞
∫
B(z,1)
∆ϕ(y)dy > 0 ,
then the canonical solution operator S is well defined and Theorem 2.2 is true.
Note that we have also shown that if
lim
|z|→∞
∫
B(z,1)
∆ϕ(y) dy = +∞ ,
then S is compact.
We learn from Z. Shen, that, in this 2-dimensional case, one can, by other techniques
developed in [She2], improve the necessary part due to Iwatsuka and deduce the same
result under the weaker assumption that ∆ϕ ∈ A∞. This proof is much more involved
and strongly limited to the two-dimensional case.
3. The ∂-equation in weighted L2 - spaces of several complex variables :
the canonical solution operator.
Here we apply ideas which were used in the analysis of Witten Laplacian in the real case,
see [HeNi].
Let ϕ : Cn −→ R be a C2-weight function and define the space
L2(Cn, ϕ) = {f : Cn −→ C :
∫
Cn
|f |2 e−2ϕ dλ <∞},
the space L2(0,1)(C
n, ϕ) of (0, 1)-forms with coefficients in L2(Cn, ϕ) and the space L2(0,2)(C
n, ϕ)
of (0, 2)-forms with coefficients in L2(Cn, ϕ).
Let A2(Cn, ϕ) denote the space of entire functions belonging to L2(Cn, ϕ).
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We consider the ∂-complex
L2(Cn, ϕ)
∂
−→ L2(0,1)(C
n, ϕ)
∂
−→ L2(0,2)(C
n, ϕ) .
For v ∈ L2(Cn), let
D1v =
n∑
k=1
(
∂v
∂zk
+
∂ϕ
∂zk
v
)
dzk
and for g =
∑n
j=1 gj dzj ∈ L
2
(0,1)(C
n), let
D
∗
1g =
n∑
j=1
(
∂ϕ
∂zj
gj −
∂gj
∂zj
)
,
where the derivatives are taken in the sense of distributions.
It is easy to see that ∂u = f for u ∈ L2(Cn, ϕ) and f ∈ L2(0,1)(C
n, ϕ) if and only if
D1v = g, where v = u e
−ϕ and g = f e−ϕ. It is also clear that the necessary condition
∂f = 0 for solvability holds if and only if D2g = 0 holds. Here
D2g =
n∑
j,k=1
(
∂gj
∂zk
+
∂ϕ
∂zk
gj
)
dzk ∧ dzj.
So the existence and the analysis of the canonical solution operator introduced in (1.1)
is equivalent to the existence and the analysis of the canonical solution operator for D,
the equivalence being given by
(3.1) Scanϕ = exp(−ϕ)S
can exp(ϕ) .
We consider the corresponding D-complex with in particular :
L2(Cn)
D1−→
←−
D
∗
1
L2(0,1)(C
n)
D2−→
←−
D
∗
2
L2(0,2)(C
n) .
The - Laplacians 
(0,0)
ϕ and 
(0,1)
ϕ are defined by
(3.2)

(0,0)
ϕ = D
∗
1D1 ,

(0,1)
ϕ = D1D
∗
1 +D
∗
2D2 .
It follows that for g =
∑n
j=1 gj dzj we have that 
(0,1)
ϕ g equals
n∑
k=1
[
n∑
j=1
(
2
∂2ϕ
∂zj∂zk
gj −
∂2ϕ
∂zj∂zj
gk −
∂2gk
∂zj∂zj
+
∂gk
∂zj
∂ϕ
∂zj
−
∂gk
∂zj
∂ϕ
∂zj
+
∂ϕ
∂zj
∂ϕ
∂zj
gk
)]
dzk
and that
(3.3) (0,1)ϕ = 
(0,0)
ϕ ⊗ I + 2Mϕ,
where
(3.4) Mϕ =
(
∂2ϕ
∂zj∂zk
)
jk
.
For ϕ in C2, it can be shown (by an extension of a criterion of Simader [Sima]) that 
(0,1)
ϕ
can be extended to a densely defined self-adjoint operator on L2(0,1)(C
n), which is again
denoted by 
(0,1)
ϕ .
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We can now state a natural, rather standard, existence theorem for the canonical oper-
ator.
Theorem 3.1.
Let us assume that
0 6∈ σ((0,1)ϕ ) .
Then, if Nϕ denotes its inverse, the operator
Sϕ := (D1)
∗Nϕ ,
is continuous from L2(0,1)(C
n) into L2(Cn) and its restriction to Ker D2 gives the canon-
ical solution operator Scanϕ , hence S
can via (3.1).
Proof.
We have :
〈S∗ϕSϕv , v〉 = 〈NϕD1D
∗
1Nϕv , v〉
= 〈D1D
∗
1Nϕv , Nϕv〉
≤ 〈D1D
∗
1Nϕv , Nϕv〉+ 〈D
∗
2D2Nϕv , Nϕv〉
= 〈Nϕv , v〉 .
Hence
(3.5) ||Sϕv||
2 = 〈S∗ϕSϕv , v〉 ≤ 〈Nϕv , v〉 .

We also indicate that
(3.6) 4(0,0)ϕ = ∆
(0)
ϕ −∆ϕ,
where
∆(0)ϕ = −
n∑
j=1
((
∂
∂xj
+ i
∂ϕ
∂yj
)2
+
(
∂
∂yj
− i
∂ϕ
∂xj
)2)
and
∆ϕ =
n∑
j=1
(
∂2ϕ
∂x2j
+
∂2ϕ
∂y2j
)
.
4. About general criteria of compact resolvent
The analysis of the compactness of the canonical solution operator to ∂ involves the
analysis of the compact resolvent property for Schro¨dinger operators with compact man-
ifold. We recall in this section a theorem due to Helffer-Mohamed ([HeMo]) on compact
resolvents of Schro¨dinger operators with magnetic fields.
We will analyze the problem for the family of operators :
(4.1) PA =
n∑
j=1
(Dxj − Aj(x))
2 .
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Here Dxj = −i
∂
∂xj
and the magnetic potential A(x) = (A1(x), A2(x), · · · , An(x)) is
supposed to be C∞. Under these conditions, the operator is essentially self-adjoint on
C∞0 (R
n). We note also that it has the form :
PA =
n∑
j=1
X2j ,
with
Xj = (Dxj − Aj(x)) , j = 1, . . . , n .
Note that with this choice X∗j = Xj . In particular, the magnetic field is recovered by
observing that
Bjk =
1
i
[Xj, Xk] =
∂Ak
∂xj
−
∂Aj
∂xk
, for j, k = 1, . . . , n .
We introduce for q ≥ 1 the quantities :
(4.2) mq(x) =
∑
j<k
∑
|α|=q−1
|∂αxBjk(x)| .
It is easy to reinterpret this quantity in terms of commutators of the Xj ’s.
Let us also introduce
(4.3) mr(x) = 1 +
r∑
q=0
mq(x) .
Then the criterion is
Theorem 4.1. ([HeMo])
Let us assume that there exists r and a constant C such that
(4.4) mr+1(x) ≤ C m
r(x) , ∀x ∈ Rn ,
and
(4.5) mr(x)→ +∞ , as |x| → +∞ .
Then PA has a compact resolvent.
(see also [She1] and [KS] for further results in this direction.)
We will mainly apply this result for the case of real dimension 2n, where we will write
the elements of R2n in the form (x1, y1, . . . , xn, yn) and for the magnetic potential
(4.6) A =
(
−
∂ϕ
∂y1
,
∂ϕ
∂x1
, . . . ,−
∂ϕ
∂yn
,
∂ϕ
∂xn
)
.
5. The analysis of the Laplacian and application
Theorem 5.1.
Let ϕ be a plurisubharmonic C2 - function on Cn such that for the lowest eigenvalue λϕ
of the Levi matrix Mϕ the condition
(5.1) lim inf
|z|→∞
λϕ(z) > 0 ,
is satisfied. Then the operator 
(0,1)
ϕ has a bounded inverse Nϕ on L
2
(0,1)(C
n).
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Proof.
For v =
∑n
k=1 vk dzk ∈ Dom
(0,1)
ϕ , we have by (3.3),
(5.2) 〈(0,1)ϕ v , v〉 ≥ 2〈Mϕv , v〉 .
Using Persson’s Theorem (see for instance [Ag]), we now conclude from Assumption (5.1)
that the bottom of the essential spectrum of 
(0,1)
ϕ is strictly positive. Using the spectral
theorem for selfadjoint operators, we conclude that 
(0,1)
ϕ is bijective if 
(0,1)
ϕ is injective
(see for instance [W] , (8.17)). In order to show that 
(0,1)
ϕ is injective we consider the
inequality
(5.3) 〈(0,1)ϕ v , v〉 ≥
∫
Cn
n∑
k=1
λϕ(z)|vk(z)|
2 dλ(z).
We recall that λϕ ≥ 0. If 
(0,1)
ϕ v = 0, (5.3) together with Assumption (5.1) implies that
λϕ is non zero at∞, hence v = 0 on a non-empty open set. Therefore by the uniqueness
result of Kazdan ([Kaz]) it follows that v = 0 everywhere and that 
(0,1)
ϕ is injective and
therefore also surjective and has a bounded inverse Nϕ . Hence we can apply Theorem
3.1. 
Theorem 5.2.
Let ϕ be a plurisubharmonic C2 - function on Cn such that
(5.4) lim
|z|→∞
λϕ(z) = +∞ .
Then the canonical solution operator to ∂ Scan is compact.
Proof.
By Theorem 3.1 and (3.1), it is sufficient to show that Sϕ is compact from L
2
(0,1)(C
n)
into L2(Cn). Using (5.3) and (5.4), it follows that 
(0,1)
ϕ has compact resolvent (see for
instance [AHS] or [I]) and we have also shown in Theorem (5.1), that 
(0,1)
ϕ was bijective.
The operator Nϕ is consequently a compact self-adjoint operator on L
2
(0,1)(C
n).
The operator Sϕ = D
∗
1Nϕ is the canonical solution operator to D1v = g . Now if Nϕ is
compact, it is standard that N
1
2
ϕ is compact. It is then easy to show from (3.5) that Sϕ
is compact.

Remark 5.3.
Theorem 5.2 can be applied for instance in the case when the weight function is of the
form
ϕ(z) =
(
n∑
j=1
|zj |
2
)m
,
for some integer m > 1. This is strongly related to examples given by M. Derridj for the
analysis of the regularity of b, as discussed in the book [HeNo] (Chap. V.2).
Remark 5.4.
Theorem 5.2 should be compared with the corresponding estimate in [H] (4.4.1.), which
is of the form ∫
Cn
|u(z)|2 e−2ϕ(z) dλ(z) ≤
∫
Cn
|∂u(z)|2
e−2ϕ(z)
λϕ(z)
dλ(z),
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for all u in the domain of ∂ orthogonal to ker ∂.
In addition we note that the last inequality is similar to a Brascamp-Lieb inequality
as analyzed by Witten-Laplacians techniques (see for example [He3] and the references
therein including the generalization obtained by [Jo]).
If 0 is not in the spectrum of 
(0,1)
ϕ , then we have
(5.5)
∫
Cn
|u(z)|2 e−2ϕ(z) dλ(z) ≤
1
2
〈M−1ϕ ∂u , ∂u〉L2(0,1)(Cn,ϕ),
for all u in the domain of ∂ orthogonal to ker ∂.
Let us give the very short proof. By Ruelle’s Lemma [Ru], we immediately deduce from
(5.2) that
Nϕ ≤
1
2
M−1ϕ .
Now, with v = u exp(−ϕ) and g = D1v = exp(−ϕ) ∂u, we obtain :
||v||2 = 〈v , Sϕg〉 = 〈g , Nϕg〉 ≤
1
2
〈M−1ϕ g , g〉 ,
where all the norms and scalar products are in L2 with the Lebesgue measure. This gives
(5.5).
This implies in particular Ho¨rmander’s statement above, but not Shigekawa’s result be-
low.
Remark 5.5.
In this connection it is also interesting to mention a result of Shigekawa ([Shi]) stating
that the space A2(Cn, ϕ) is of infinite dimension if the lowest eigenvalue λϕ(z) of Mϕ
satisfies the condition
lim
|z|→∞
|z|2 λϕ(z) =∞ .
This condition implies that 0 is an eigenvalue of infinite multiplicity for a Pauli operator
of the form
H˜(a) =
2n∑
j=1
(−i∂j − aj(x))
2 +
2n∑
j,k=1
i
2
bjk(x)γ
jγk,
acting on L2(R2n) ⊗ Cr, where bjk = ∂jak − ∂kaj , where r = 2
n and where the γj’s are
the r × r Dirac matrices satisfying γjγk + γkγj = 2δjk, (δjk being the Kronecker delta)
(see [Shi]).
Shigekawa also analyzes the link between H˜(a) and the complex Witten Laplacian by
comparing the essential spectra of these operators.
Finally we prove a variant of Theorem 5.2 using the results from [HeMo], together with
ideas of M. Derridj (see [HeNo] and references therein).
Theorem 5.6.
If ϕ is a plurisubharmonic C2 - function on Cn and suppose that there exists a number
t ∈ (0, 1/4) and a compact set K in Cn such that for the Levi matrix Mϕ the estimate
Mϕ ≥ t∆ϕ⊗ I
holds outside of K and that λϕ does not vanish identically. Assume that ∆ϕ has compact
resolvent. Then the canonical solution operator S operator to ∂ is compact.
COMPACTNESS OF THE SOLUTION OPERATOR TO ∂ IN WEIGHTED L
2
- SPACES. 13
Proof.
Using (3.3), we have :
(5.6) (0,1)ϕ ≥ (
(0,0)
ϕ + 2t∆ϕ)⊗ I ,
outside the compact set K.
By formula (3.6), we are then reduced to the analysis of the compactness of the resolvent
of
1
4
∆(0)ϕ + (2t− 1/4)∆ϕ .
which is reduced, observing that for some constant Ct > 0 we have
1
Ct
∆(0)ϕ ≤ ∆
(0)
ϕ + (8t− 1)∆ϕ ≤ Ct∆
(0)
ϕ ,
to the same question for ∆
(0)
ϕ .

We now complete the discussion by saying under which condition ∆
(0)
ϕ has compact re-
solvent. This has been done already in detail when n = 1. One can of course use the
criterion of Helffer-Mohamed recalled in the previous section (or some of the improve-
ments obtained later).
Actually, a complementary result can be obtained by generalizing our analysis in C. We
observe indeed in the same way as in the case of C, that ∆
(0)
ϕ has compact resolvent if
−∆+∆ϕ has compact resolvent.
This is then the case if we have the conditions that ∆ϕ ∈ A∞ and if
lim inf
|z|→∞
∫
Πnj=1B(zj ,1)
(∆ϕ(y)) dλ = +∞ .
6. The case of decoupled weights
Here we consider weights ϕ of the form
ϕ(z1, . . . , zn) =
n∑
j=1
ϕj(zj),
where the functions ϕj are C
∞ on C.
6.1. About Dirac and Pauli operators.
In this case an interesting connection to Dirac and Pauli operators is of importance (see
[CFKS], [Er], [HNW], [Roz], [Tha]). Let us first consider the real two dimensional case.
The Dirac operator D is defined by
D = σ1
(
1
i
∂x1 − A1(x, y)
)
+ σ2
(
1
i
∂x2 − A2(x, y)
)
,
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where
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
.
It turns out that the square of D is diagonal with the Pauli operators P± on the diagonal:
D
2 =
(
P− 0
0 P+
)
,
where
P± =
(
1
i
∂x1 − A1(x, y)
)2
+
(
1
i
∂x2 − A2(x, y)
)2
± B(x, y) .
Using the computation done in (2.4), we get, having in mind that S = 
(0,0)
ϕ ,
4(0,0)ϕ = P− .
It is proved in [HNW] (Theorem 1.3) that at least one of the operators P± has non
compact resolvent if ϕ satisfies in C the following condition (Hr) :
There exists a sequence of disjoint balls Bn of radius ≥ 1 such that (4.4) is satisfied in
the union of these balls.
This is in particular the case when the magnetic potentials are polynomials.
Note also the interesting independent result (cf [CFKS]) that the spectra of P+ and P−
coincide except at 0. So if P+ has compact resolvent then P− has its essential spectrum
reduced to {0}.
6.2. Main results and proofs.
Our main theorem in this section is the following
Theorem 6.1.
Let n ≥ 2 and let ϕ be a decoupled weight such that there exists j such that ϕj satisfies
for some rj > 0 the condition (Hrj), then 
(0,1)
ϕ has a non compact resolvent.
Proof.
As observed in [Has3], a simple computation shows that for the decoupled weights
ϕ(z1, . . . , zn) =
n∑
j=1
ϕj(zj)
the operator 
(0,1)
ϕ becomes diagonal, each component on the diagonal being
(6.1) Sk = 
(0,0)
ϕ + 2
∂2ϕk
∂zk∂zk
.
Then the result is based on the following proposition.
Proposition 6.2.
Let n ≥ 2. Under the assumptions of the theorem on the weight function ϕ, there always
exists a k such that Sk is not with compact resolvent.
We observe that Sk can be rewritten in the form
4Sk =
∑
j 6=k
P
(j)
− + P
(k)
+ ,
COMPACTNESS OF THE SOLUTION OPERATOR TO ∂ IN WEIGHTED L
2
- SPACES. 15
where each operator P
(ℓ)
± is the previously analyzed Pauli operator in variables the (xℓ, yℓ).
The result is then obtained from the results by Helffer-Nourrigat-Wang recalled in the
previous subsection. 
Remark 6.3.
It is also easy to see that the kernel of P
(ℓ)
− contains all L
2-distributions of the form
f(zℓ) exp(−ϕℓ(zℓ)),
where f is holomorphic and zℓ = xℓ + iyℓ .
Hence Sk has non-compact resolvent, as soon as the space A
2(C, ϕℓ) is of infinite dimen-
sion for some ℓ 6= k. This can be combined with Shigekawa’s result, see also the next
propositions.
6.3. On a result of G. Schneider.
In the case of decoupled weights, one can extend a remark of G. Schneider ([Sch]) who
was considering the case when ϕj(zj) = |zj |
2m for m > 1, to show that the canonical
solution operator to ∂ fails to be compact even on the space A2(0,1)(C
n, ϕ) of (0, 1)-forms
with holomorphic coefficients.
Proposition 6.4.
Suppose that n ≥ 2 and that there exists ℓ such that A2(C, ϕℓ) is infinite dimensional.
Suppose also that 1 ∈ L2(C, ϕj) for all j and that there exists k 6= ℓ such that
∂2ϕk
∂zk∂zk
∈
L2(C, ϕk). Then Sk has non compact resolvent. In particular, 
(0,1)
ϕ has non compact
resolvent.
Proof.
Let fν an infinite orthonormal system in A
2(C, ϕℓ). For the functions
uν(z) = fν(zℓ) exp(−ϕ(z))
we have by (3.2)

(0,0)
ϕ uν = D
∗
1D1uν = 0 ,
for all ν = 1, 2, . . . and by (3.3)

(0,1)
ϕ (uν dzk) = (Sℓuν) dzk =
(
2
∂2ϕk
∂zk∂zk
uν
)
dzk .
Hence, the sequence
〈(0,1)ϕ (uν dzk) , (uν dzk)〉 = 〈Sk uν , uν〉
is bounded and, by the assumption that the functions zℓ 7→ fν(zℓ) exp(−ϕℓ(zℓ)) form an
orthonormal system, we get the statement. 
Using a similar argument we get the following extension of a result of G. Schneider [Sch]
(see also [Kr]).
Proposition 6.5.
Suppose that n ≥ 2 and that there exists ℓ such that A2(C, ϕℓ) is infinite dimensional.
Suppose also that 1 ∈ L2(C, ϕj) for all j. Suppose finally that for some k 6= ℓ, zk ∈
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L2(C, ϕk). Then the canonical solution operator to ∂ fails to be compact even on the
space A2(0,1)(C
n, ϕ).
Proof.
Let Pk denote the Bergman projection from L
2(C, ϕk) onto A
2(C, ϕk). It is clear that the
function (zk − Pkzk) is not zero. With the notations of the preceding proof, the family
hν := fν(zℓ)(zk − Pkzk)
is an orthogonal family in A2(Cn, ϕ)⊥, which satisfies ∂hν = fν(zℓ)dzk.
Hence
(
∂hν
)
ν
constitutes a bounded sequence in A2(0,1)(C
n, ϕ), and this implies the result.

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